We develop a "minimal" microscopic model to describe a two-pulse-Ramsay-interferometer-based scheme of measurement of the photon recoil momentum in a Bose-Einstein condensate of a dilute gas [Campbell et al., Phys. Rev. Lett. 94, 170403 (2005)]. We exploit the truncated coupled Maxwell-Schrödinger equations to elaborate the problem. Our approach provides a theoretical tool to reproduce essential features of the experimental results. Additionally, we enable to calculate the quantum-mechanical mean value of the recoil momentum and its statistical distribution that provides a detailed information about the recoil event.
I. INTRODUCTION
Measurements of the photon momentum in a dispersive medium is of conceptual and practical importance. Such kind of studies are currently used in quantum metrology, in particular, to determine the ratio h/m [1] [2] [3] , where h and m are the Plank's constant and the atomic mass, respectively, as well as the fine-structure constant α [4, 5] . In a medium, however, the photon momentum experiences a re-normalization due to the index of refraction, so that the photon momentum k 0 [ = h/(2π) and k 0 is the vacuum photon wave vector] should be replaced by n k 0 , where n is the index of refraction [6] [7] [8] [9] [10] .
Experimentally, this problem has been tackled by Campbell et al. [11] with a two-pulse light grating (Ramsay) interferometer, using near-resonant laser light. The scheme of measurements in [11] was as follows. An elongated BEC of rubidium atoms 87 Rb in |5 2 S 1/2 F = 1; m F = −1 state, confined in a magnetic trap, was illuminated in the perpendicular direction with an optical standing wave produced by two identical counterpropagating laser beams of a duration δt and of a carrier frequency ω 0 . As a result, two coherent atomic clouds, moving in the opposite directions, were created. The polarization of the excitation pulses was optimised to suppress the super-radiant Rayleigh scattering in the direction of BEC's elongation. As a result of the Bragg scattering on the optical grating, an atom in its ground state acquires a mean recoil momentum p approximately twice the laser photon momentum k 0 = ω 0 /c (c is the speed of light in free space), or recombines to the static cloud. For a given refractive index n of the medium, p = 2n k 0 . The kinetic energy gained by an atom is equal to p 2 /2m. Therefore, its de Broglie wave frequency is determined by ω B = p 2 /(2m ). After some time delay τ , a second identical pulse was applied and the second pair of moving atomic clouds was created. The speed of clouds appears to be low, so that they are not shifted appreciably with respect to each other within the time delay: it leads to their interference and, accordingly, to the density oscillations of clouds as a function of the delay time τ . The latter, in turn, affects the density of the condensate itself, since the total number of atoms is approximately conserved. Measuring the density of the static cloud as a function of the delay time τ allows one to determine the phase shift ω B τ and thus the effective atom recoil momentum. This is, although not a direct, but a highly sophisticated method of measuring the atomic recoil momentum via the influence of the interference of the moving coherent clouds on the condensate itself.
We present a simplified microscopic model of the experiment [11] on measuring the photon recoil momentum in a Bose-Einstein condensate of a dilute gas, using a semiclassical theory of the superradiant light scattering (SLS) on a BEC. Within the framework of our approach, we enable, first, to reproduce the essential features of the experiment [11] and, additionally, to calculate the quantum-mechanical mean of the recoil momentum in the moving atomic clouds and its statistical distribution. We demonstrate that the value of the recoil momentum extracted from the interference data for the static cloud [11] with a good accuracy coincides with the quantum-mechanical mean. This point on that in the experiment just the latter is measured.
The SLS from a BEC has been observed for the first time in [12, 13] and since then an intensive buildup of the theory of the effect has followed [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] that provided substantial insight and understanding of the light-BEC interaction process. More specifically, in Refs. [14, 15, 18, 21] , the quantum-electrodynamic approach in the mean-field approximation has been used to describe the SLS from a BEC of a dilute cold gas. In papers [16, 17, 19, 22, 23, 25] , the semiclassical approach of the light-matter interaction, naturally incorporating the propagation and nonlinear effects, has been applied to explain essential details of SLS, such as the spatial asymme-try between forward-and backward-moving atomic side modes observed in the strong-pulse regime of SLS [22] , ultraslow group velocity of the backward-propagating superradiant field [24] , a crucial role of the multiple recoil processes for SLS on a BEC resulting in that the SLS dominates over the usual Rayleigh scattering [25] and many others.
The paper is organised as follows. In the next section, we present the formalism based on the semiclassical theory of the Ramsay interference in a BEC, involving the coupled system of Maxwell-Schrödinger equations within the framework of the slowly-varying amplitude approximation. In Sec. III, the results of simulations of the condensate density oscillations are presented. In Sec. IV, we calculate the quantum-mechanical mean value of the recoil momentum and energy of an atom in moving clouds and compare these data with those obtained in the previous section. Section V concludes the paper.
II. FORMALISM
In line with the geometry of the experiment [11] , we shall use a simplified one dimensional model of the light scattering on a condensate subjected to illumination by two pulses, as described above, separated by a delay time τ . This model underlines the essential features of the problem. An atom will be considered as a two-level Boseparticle with the wave functions ϕ a and ϕ a and corresponding eigenenergies E a and E b for the ground and excited states, respectively. We also take into account the atomic translational motion and then seek the atom's wave function in the form
where
are the wave functions of an atom in |j -th and |j + 1 -th discrete momentum states, respectively, L is the transversal size of the condensate.
To approach the problem, we use the coupled system of the Maxwell-Schrödinger (MS) equations and apply the slowly-varying amplitude approximation in time and space. The system of MS equations for amplitudes (in dimensionless units, see below) for our model of the lightcondensate interaction reads
where j = 0, ±2, ±4, . . . We adapted in Eqs. (3a) -(3d) as units of length and time, respectively, the condensate transversal size L and the superradiant time constant
, where d is the atom transition dipole moment and N 0 is the atom number density. The slowly varying field amplitudes of the forward (backward)
and incident E 0 fields are scaled by i /(dτ R ) (overbars denote the complex conjugation). The quantities ω j = j 2 k 2 0 τ R /(2m) and v j = j k 0 τ R /mL are the dimensionless atom recoil frequency and velocity, respectively, where the index j runs over 0, ±2, ±4, . . . for the ground state, while over ±3, ±5, . . . for the excited state. Furtheremore, ∆ = (ω 0 − ω ba )τ R is the dimensionless detuning of the incident field frequency ω 0 away from the atomic resonance at ω ba , γ = Γτ R , where Γ is the spontaneous emission rate of the excited atomic state. The retardation is neglected in Eqs. (3c) and (3d) as the flight time of light through the system L/c is much shorter than all other times in the problem. The only nonzero initial condition to the system of equations (3a) -(3d) is a 0 (x, t = 0) = 1. All other variables equal to zero before the first excitation pulse arrives.
The similar system of equations (3a) -(3d) has been previously used for the description of the super-radiant scattering on BECs of a dilute gas [25] , only without spatial derivatives of the wave function amplitudes a j (x, t) and b j (x, t). While those terms has no effect on the final results in the underlined studies, in our case, they are of crucial importance to catch out some fine features of the two-pulse Ramsay interference (see for details the next section). Additionally, we do not use the approximation of adiabatic elimination of the excited atomic state, usually assumed when considering the light-condensate interaction. This allows us to consider an arbitrary value of the detuning ∆, i.e. to scan the exact resonance, ∆ = 0, that is important for our study.
III. CONDENSATE DENSITY OSCILLATIONS
In our modeling of the Ramsay interference, we used the set of the system's parameters, approximated to those in the experiment [11] : the BEC transversal size L = 16 µm, the atom number density N 0 = 4.15 × 10 13 cm −3 , the radiation constant of the |5 2 P 3/2 F = 1 → |5 2 S 1/2 F = 1 transition (the wavelength λ = 780 nm) Γ = 0.37 · 10 8 s −1 , the corresponding transition dipole moment d = 2.07 · 10 −29 C m. For these parameters, the super-radiant constant is estimated to be τ R ≈ 1.75×10 −9 s. Then, for the dimensionless quantities v j , ω j and γ one gets:
The detuning ∆ was varied within a range of [−12, 12] .
To excite the condensate, we used rectangular pulses of duration δt = 5µs (δt/τ R = 3 × 10
3 ). The delay time τ between the pulses was varied within a range of [5, 150] µs (in dimensionless units τ /τ R , within [3, 90] × 10
3 ). The dimensionless amplitude of the incident pulse, E 0 = 6 × 10 −3 was chosen so that after a δt-long excitation, the population of the static cloud decreased approximately to a level of 0.9. When solving the MS equations (3a) -(3d), we took into account the generation of atomic clouds up to the 10-th order.
First of all, we are interested in the fraction of atoms in the static BEC cloud at a time point t = τ + δt, when the second excitation pulse has gone. It is defined as
Also, it is of our interest the fraction of atoms in the moving atomic clouds in the ground state, | ± 2j , j = 1, 2, 3, . . .:
The results of simulations for the static |0 and moving | ± 2 clouds of BEC are shown in Fig. 1 . As is seen from the figure, the fraction of atoms in all clouds, S 0 (t) and S ±2 , as a function of the delay time τ , reveals oscillations as it has been observed in the experiment [11] . The authors of [11] associated the density oscillations of the static condensate cloud mainly with those of the | ± 2 clouds. This finds its confirmation in our calculations. Indeed, one observes strong correlations in frequencies, phases and amplitudes of the S ±2 and S 0 interference fringes for the same ∆, that reflects the conservation of the total number of atoms in these states. We emphasize that interference fringes are shifted with respect to each other for different signs of ∆. The most important, however, is that their frequencies deviate from each other for altered signs of the detuning ∆ that agrees with the experiment [11] . The underlined shift disappears, if one neglects in Eqs. (3a) and (3b) the terms proportional to the spatial derivative of the wave function amplitudes a j (t) and b j (t) (see Fig. 1, right panel) . This points on the relevance of those terms for the correct description of the Ramsay interference. As is seen from Fig. 1 , the density oscillations do not show any decay which has been found in Ref. [11] and has been explained there by decreasing the overlap between the recoiling atoms and those at rest due to the motion away after the shutoff of the magnetic trap. In our case, the system is confined in a finite interval [0, L], i.e, there is no expansion of clouds and, consequently, any decay of the interference signal.
From the density oscillations obtained, one can extract the recoil frequency ω rec for different values of the detuning ∆. Analyzing the numerical data presented in the left plot of Fig. 1 , we found that ω rec ≈ 1.06 ω 2 for ∆ = −0.5, while ω rec ≈ 0.94 ω 2 for ∆ = 0.5, where ω 2 = 4 k 2 0 τ R /(2m) is the bar frequency of atoms in the | ± 2 coherent clouds. We point out again that the recoil frequency ω rec differs for altered signs of the detuning ∆. Oppositely, the similar analysis performed for the right plot of Fig. 1 yields ω rec = ω 2 independently of the sign of ∆.
IV. MOMENTUM AND FREQUENCY RECOIL
The density oscillations of the static cloud of the condensate provides a tool to determine the actual value of the atom recoil momentum/frequency in moving clouds, as has been implemented in [11] within the framework of the phenomenological picture. Our microscopic approach allows one to get a more detailed information about the recoil momentum/frequency for different atomic clouds: not only its mean value, but also the distribution function. The latter for the j-th atomic cloud is defined as
is the Fourier transform of the amplitude a j (x, t). Then for the mean recoil momentum of an atom in the |j -th cloud one gets
and for its variance:
Examples of the distribution functions for the recoil momentum shift δk ±2 = k ±2 − 2k 0 of atoms in the | ± 2 clouds, obtained immediately after the action of the first pulse, are shown in Fig. 2 . As is seen, the distribution for |2 (| − 2 ) clouds is sign-dependent (symmetric with respect to ∆ = 0), which is coherent with the data of the interference fringes. Thus, the Fourier transform of the signal after the action of the fist pulse already contains the information deduced from the interference fringes, i.e. after the action of the second pulse. The results for the mean recoil momentum shift δk 2 = k 2 − 2k 0 and its standard deviation D
1/2 2
as a function of the detuning ∆ for an atom in the |2 cloud are depicted in Fig. 3 . Note that δk 2 = k 2 − 2k 0 = 2k 0 (n − 1), and thus Fig. 3 represents in fact the detuning dependence of the refraction index n. The ∆ -dependence of δk −2 = k −2 − 2k 0 for the | − 2 cloud is mirror-symmetric with respect to that of δk 2 .
From Fig. 3 , one can see that changing the sign of the detuning ∆ alters the sign of the mean recoil momentum shift δk 2 . Because of that, the ∆ -dependence of δk 2 has a dispersive shape. We point out on a relatively large standard deviation D 1/2 2 of δk 2 . This is a result of the finite BEC's size L, as well as the spatial inhomogeneity of the atomic state amplitude, representing the main source of uncertainty of the recoil momentum. We recalculated the data presented in Fig. 3 into the recoil frequency ω rec , Fig. 4 (left plot). For comparison, in Fig. 4 (right plot) the experimental results of [11] for ω rec are shown. Contrasting these two plots, we see that the theoretical and experimental curves (thick dots with error bars) have in common the dispersive shape of the ∆-dependence of the recoil frequency. However, the experimental curve has two features that distinguish it from the theoretical one. First, it is shifted up by approximately 900 KHz (dashed line) that is due to the so-called mean-field shift [11] ), and second, the lower part of it is displaced to the right by 157 MHz, because of the presence of the other allowed transition |5 2 S 1/2 F = 1 → |5 2 P 3/2 F = 2 , contributing to the optical response [11] . These two effects are not taken into account in our simplified theory. The most important fact is that our approach recovers the dispersive shape of the detuning dependence of the recoil frequency ω rec . Now, let us compare the result for the quantummechanical mean recoil frequency shift δω 2 with the one obtained in the simulations of the Ramsay interference, δω 2 . We use for that a relation δω 2 /ω 2 = 2δk 2 /k 2 between the frequency shift δω 2 and the momentum shift δk 2 = k 2 − 2k 0 . From the calculated for δk 2 data we obtained δω 2 /ω 2 ≈ 0.062 for ∆ = −0.5 and δω 2 /ω 2 ≈ −0.057 for ∆ = 0.5. At the same time, from the interference fringes (Fig. 1, left panel) , the corresponding values are found to be δω 2 /ω 2 ≈ 0.059 and δω 2 /ω 2 ≈ −0.058, respectively. A comparison of these data shows that with a good accuracy the value of the recoil frequency shift δω 2 , extracted from the interference fringes, coincides with the quantum-mechanical mean. This point on that in the experiment just the the latter quantity is measured.
V. CONCLUSION AND OUTLOOK
We have presented a microscopic theory, reproducing the essential features of the experimental results on measuring the photon recoil momentum in a BEC of a dilute gas by means of the two-pulse Ramsay interference [11] . For this purpose, we have used the coupled Maxwell-Schrödinger equations within the framework of the slowly-varying envelope approximation. We have found that for the adequate description of the experiment [11] , it is of principal importance to take into account corrections to the bare recoil energy of an atom because of the inhomogeneity of atomic clouds (the spatial derivatives of the atom wave function amplitudes). Neglecting them results (in the theory) in that the photon recoil momentum in the medium coincides with its vacuum value. The microscopic approach has allowed us to directly calculate the quantum-mechanical mean value of the recoil momentum of an atom and its statistical distribution in moving atomic clouds. We have found that the recoil momentum, extracted from the interference fringes of the static BEC cloud, as it has been done in the experiment [11] , represents just the quantum-mechanical mean value.
We have considered a Bose-Einstein condensate of an ideal atomic gas. A question that remains to answer is to what extent the interaction between atoms (within the microscopic picture) will affect the Ramsay interference? Additionally, we have used in our analysis the slowly varying amplitude approximation in space for fields. Keeping the second space derivative in the Maxwell equations will allow one to correctly take into account the reflection of the laser beams from the condensate as well as the fields inside the condensate from the boundaries of the latter. The effects of diffraction of beams on the Ramsay interference is also a question to be answered. These issues are a subject of a forthcoming paper.
